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HNHTerpypoBanue OMrapMOHMYECKOr0 YPaBHEHHMsI 110 HESIBHOM cXxemMe
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! BOpOHEKCKHI TOCY1apCTBEHHBIN YHUBEDCUTET HEYKEHEPHBIX TEXHOJIOTHIA, np-T Pepomonuu, 19, r. Boponex, 394036, Poccust
Pedepat. B craThe npeacTaBieHo MoUIaroBoe MoCTPOSHHE KOHSYHO-PA3HOCTHOM CXEMBI JUIsl HEOJHOPOJHOTO OUrapMOHUYECKOTO yPaBHEHHS
[PY HYJIEBBIX TPAHUYHBIX YCJIOBHSX, HAJOKEHHBIX Ha HMCKOMYI (YHKIHUIO M €€ 4YacTHbhIC MPOHM3BOAHBIC MEepBOro mopsiaka. KonedHo-
pa3HOCTHAs CXeMa OCHOBAaHA Ha KBAJPAaTHOM JBAILATHISITUTOYCYHOM IIAOJIOHE M MMEET HEesBHBIN Xapaktep. Ha paBHOMepHOW ceTke ¢
MOMOIIIBI0 pa3foxeHus GpyHKUuHM B psia Teisopa ¢ ocTaToOYHbIM wieHOM B (opme JlarpaHka BbIYHCIICHA MMOTPELIHOCTh AMMPOKCHMAIIUU
OUrapMOHHYECKOI0 OIEepaTopa Pa3HOCTHBIM aHAJIOIOM M MOrPEIIHOCTh ANMPOKCHMALMKA PAHUYHBIX YCJIOBHUI, HAJIO)KCHHBIX Ha YaCTHBIC
MIPOM3BO/IHBIC MEPBOTO MOpsiAKa. | paHHYHbBIC YCIOBHS, HAJOXXCHHBIE Ha MCKOMYIO (DYHKIIHMIO, BBIIOIHSIOTCS TOUYHO. KOHEeYHO-pa3HOCTHAS
cXeMa anmpoKCHMHUPYET KPaeBYIO 33/1auy CO BTOPBIM MOPSKOM TOYHOCTH 1O 1ary ceTkd. C MOMOIIbI0 CHCTEMbI KOMITBIOTEPHON aJire0psbI
Maple mosyueHo pereHns 3a1a4u s Pa3IdYHbIX IIArOB CETKH. BhIsBIeHa 3aBUCHMOCTh MHHIUMYMa (DYHKIIMH U BPEMEHH pacieTa OT YKclia
3HauYMMBIX IUdp. Halieno ontumanbHOe Yncio 3Havamux udp. [IpoBeaeH aHammu3 CKOPOCTH CXOJUMOCTH YHUCIICHHOM CXEMBbI. Y CTAHOBJICHA
3aBHCUMOCTh MUHMMAJILHOTO 3HaYeHMsl (YHKIIMU U BPEMEHHU pacyera OT BEIMYMHBI 1ara ceTku. HaiineHo onTuManbHOe 3HAYCHHUE MIara.
TloctpoeHsl TpexMepHbIi rpaduK pemieHus: 1 ero Npoduiin B CEPeAMHHBIX CeUYCHHsX.YKa3aHbl MPEUMYIIECTBA pa3pabOTaHHOH KOHEYHO-
pa3HOCTHOI cxembl. [lodydeHHbIe pe3yabTaThl OTBEYAIOT (HM3UYECKOMY CMBICITY 3aJa4d M COIJIACYIOTCSI QHAJIIOTMYHBIMU YHCICHHBIMH H
IPUOIKCHHO-aHATUTHYCCKUMHU PEIICHUSIMH.

KirioueBble cjioBa: kpaeBas 3a/1a4a, OMrapMOHHYECKOE YpaBHEHHE, KOHEYHO-PA3HOCTHAsI CXeMa, MIOIPEHIHOCTh ANPOKCUMAIIHH.

The integration of a biharmonic equation by an implicit scheme

Mikhail I. Popov ! mihail semilov@mail.ru
L Voronezh state university of engineering technologies, Revolution Av., 19 Voronezh, 394036, Russia
Summary.The paper presents a step-by-step construction of a finite-difference scheme for a heterogeneous biharmonic equation under zero
boundary conditions superimposed on the desired function and its first-order partial derivatives. The finite-difference scheme is based on a
square twenty-five-point pattern and has an implicit character. On analytical grid, the error of approximation of the biharmonic operator by
the difference analog and the error of approximation of boundary conditions imposed on the first order partial derivatives are calculated by the
expansion of the function in the Taylor series with the remainder term in the form of a Lagrange. The boundary conditions imposed on the
sought function are satisfied precisely. A finite-difference scheme approximates a boundary value problem with a second order of accuracy
over the mesh step. With the help of the Maple computer algebra system the solutions of the problem for different grid steps are obtained. The
dependence of the minimum function and calculation time on the number of significant digits is revealed. The optimal number of significant
digits is found. The convergence rate of the numerical scheme is analyzed. The dependence of the minimum value of the function and the
calculation time on the value of the grid step is established. The optimal step value is found. A three-dimensional graph of the solution and its
profiles in the middle sections are constructed. The advantages of the developed finite-difference scheme are indicated. Obtained results
correspond to the physical meaning of the problem and are consistent with similar numerical and approximate analytical solutions.
Keywords: boundary value problem, biharmonic equation, finite-difference scheme, approximation error

BBenenune

KpaeBble 3amaum aast OMTrapMOHHYECKOTO
yYpaBHEHHsI BO3HHUKAIOT B TEOPHH YNPYTOCTH IPH
MOJICJTMPOBAHUH M3rMOOB TOHKUX TuiacTuH [1-2],
a TaKkKe B MIPOJMHAMHKE MPU MOJCITHPOBAHUU
CBOOOTHO-KOHBEKTUBHBIX TeueHuit [3-5].

Hawuboree n3BecTHOE pellieHne HEOTHOPOIHOTO
OWUrapMOHMYECKOTO YPaBHEHHs, TaK Ha3bIBAEMOTO
ypaBuenust Codu Kepmen, nonmyqeHst Aupu Hasbe
B BHJE JBOHHOIO TPHTOHOMETPHUYECKOTO pSa.
OIHaKoO OHO CIIPaBEUIMBO JIMIIb JJIsS TUIACTHHOK,
HMIAPHUPHO OMEPTHIX MO KOHTYpY. Psimbl B 3TOM
PeIeHNH CXOsITCs MeUIeHHO. boree olriee pereHne
npezioxkut Mopuc JIleBu, HO U UM He HCYepIIbIBa-
FOTCSI BCE TIOCTAHOBKH MPAHMYHBIX YCIIOBHI.

B cBs3M C OTCYTCTBHEM aHAJMTUYECKHX
PEIICHHI UPOKOE Pa3BUTHE MOIYYHITH YUCIICHHbBIC
METO/Ibl HHTETPUPOBAHNUS KPaeBbIX 337124 JUtsi Ourap-
MOHHMYECKOro ypaBHeHus. Hapsity ¢ kimaccimaeckumu
[6—7] ucrone3yroTCst M COBpEMEHHBIE METO/IbI, TAKUE
KaK METOJ] KOHEYHOTr0 MHOKecTBa Touyek [8-9].

Jlns muTHpOBaHUS
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IHocTpoeHne KOHEYHO-PA3HOCTHOM CXeMbI

PaccMOTpHM KpaeByto 3a/1auy JUisl HEOTHOPOI-
HOr0 OMrapMOHHYECKOTO YPAaBHEHHs ¢ TPaHUYHBIMU
YCIIOBUSIMH TIEPBOTO M BTOPOIO POJia B KBaJAPaTHOM
obmactu D =[0;1]x[0;1].
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Bri0op pa3dueHus ocymecTBICH TaKUM 00pa3oM,
9TOOBI B HETO MOMAJANM TOYKU TPaHMIBI 00JacTh
U IIEHTP 00JIACTH.

Hns  mocTpoeHHs KOHEYHO-Pa3HOCTHOTO
aHaJIora YaCTHBIX TPOU3BOAHBIX &*®(X,Y)/6X* H

o*Dd(X,Y)/ov*
HOCTHBIM omepaTop 2-To MOpsAAKa MPUMEHEHHBIH
JBaXKIBI IO COOTBETCTBYIOILIEN EPEMEHHOM:

HCIIOJIB3YyEM  ICHTPAJIbHO-pa3-
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B urore HenpepbiBHas kpaeBast 3a1a4a (1) — (3)
cBerach K KoHeuHo-pasHocTHOH cxeMe (7), (8), (13), (14).

Boruuciaenne MOrpeurHOCTH allMPOKCUMALIMHA
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Torna ypaBHenue (7) mpuMeT BUJ
B®=-1
YToOBI OIpeseNnTh MOTPEIHOCTD AIPOK-

cUManuu 00pasyeM pasHOCTh Z =U—V , T1e U -
pemenne 3amgaqwn (7), (8), (13), (14), a v — pemie-

aue 3amaun  (1)~(3). TomcraBmas u =z +v
B ypaBHEHHUE, TIOTYIUM [T Z 3a7ady
Bu=B(z+v)=Bz+Bv=-1, Bz=-¢

BO BHYTPEHHUX Y3J1aX CETKM M JJI1 Z BBIIIOJIHEHBI
rpannynele ycnoeus (8), (13), (14), tne &, =B v+1 —
TIOTPEIITHOCTH armpokcuMarin 3amadn (1)—(3) cxemoit
(7), (8), (13), (14). Tak kax A’v+1=0,T0
&g = BV+1-A’v—1=Bv-A®.

Breraucianm IMOrp€IIHOCTL alIPOKCUMalluu
MOYJICHHO, HCIIONB3YysS pa3liokeHHe 1o (opmylie
Teiiopa ¢ ocratoyHbiM wieHOM B (opme Jla-
rpaHXka, B OKPECTHOCTH |, j -TOTO y37a:
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ITockompky OHWTapMOHMYECKHH —oOImepaTop
cummerpudeH M, =M,. O6o3HauuM M, =M, /3,

M, = (5398/945)M, —(1088/189)M, , TOrz1a
| &5 < M,h? + M,h*. (15)

Takum 00pa3oMm, pa3HOCTHBIN omepaTrop
aNmMpPOKCUMHUPYET OUTAPMOHHYECKHIA CO 2 TIOPSIIKOM.

I"pannaHOe yenoBue (2) Ha NCKOMYTO (DYHKITHEO
¢ yuerom (8) armpokcumupyercs TouHo. [Torpemnt-
HOCTh ANMPOKCHMAIUK TPAHUIHOTO YCIIOBHS (3)
ypaBaeHusiMu (13) u (14) olieHNM HCTIONB3YS pa3iio-
xenue 1o popmyste Teitopa ¢ 0OCTaTOUHBIM WICHOM
B opme Jlarpamka, B OKPECTHOCTH |, j -TOTO y37a:

ov o _ 2, , 0% . .
—| = =Zn? h(i+n), jh], 0<n<1.
Xh, X3 ax3[( n), jh] n
O003HaYNM
3
M = max 0 v(Xs,Y) ,
(X,Y)eD oX

TOTAA | &, |< Mh?.

Wrak, rpaanyHOe ycinoBue (2) anmpoKCHMHU-
pyeTcst TakkKe CO BTOPHIM IOPSIKOM, IMOITOMY
KoHe4HO-pa3HocTHas cxema (7), (8), (13), (14)
anmpoKCUMHUpPYeT KpaeByro 3a1a4y (1)—(3) co Bropbm
MOPSIKOM TOYHOCTH.
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AHaJau3 pemieHui

Pemrenwe 3amaum (7), (8), (13), (14) BeramcieHO
C TIOMOIIBIO CHCTEMBI KOMITBIOTEPHOW auredpbl
Maple mst paBHOMEpHO# ceTkH ¢ 1marom h =1/120.

Ha pucynke 1 mokazan rpaduk pemrenus, a Ha pH-
CyHKE 2 ero mpoQmib B CEYEHHSX ITIOCKOCTSIMHU
X =0.5 nuY =0.5. Ha pucynke 3 nokazansl poQuim
pelleRns B ceueHusIx iockocTbro ¥ = X g Y =1-X
Ilo rpadukam BHAHO, YTO pEIICHHE CHUMMETPHYHO
OTHOCHTEJILHO LIeHTpasibHOM ToukH (0.5;0.5), B KOTO-

POM I0CTUraeTCst MUHUMYM PaBHbIA —1.22-107°,

B tabmuie 1 nokasana 3aBUCUMOCTh MHHAMYMa
(GYHKIMH OT YHMclia 3HAYMMBIX IMQp B pacdete, T.e.
(haKTHUECKH OT MOTPEIIHOCTH OKpyTieHus. Pacuer
BBITIONHEH I CeTKU pasMepHocThio 81x81 Touek.
B cTonbie otHOocUTENbHAS pa3HHIIA MHHUMYMOB
(GYHKIIMM TMOKa3aHO HACKOJNBKO TPOICHTOB pe-
3yNBTAT OTIANYACTCS OT MPEIBIAYIIETO.

371ech e MPUBEIICHO BPeMs paciera M eroot-
HOCUTENbHOE HM3MeHeHue. [1o Tabmuile BHIHO, YTO
NPH YBEJTMUYCHUH YKCIIa 3Havamx mudp ¢ 14 go 16
BpeMs pacyeTa yBennuuBaercs Ha 166% a TouHOCTh
Beero Ha 3-107° %. DT IaHHbBIE TOBOPAT O TOM, YTO
JIATbHEHIIIee YMEHBIICHHE TOTPEITHOCTH OKPYTIICHHUS
MPUBEJICT K 3HAYUTEIHHOMY YBEIMUYCHHIO BPEMCHH
pacyeTa Mpu HEU3MEHHOM pe3ynbTare. Takum oOpa-
30M, 14 3HaYammx mudp - ONTUMAITEHBIM 3HaYEHHE.

B tabmure 2 orpaskeHa 3aBUCUIMOCTh MUHH-
MaJIHOTO 3HAYCHUST ()YHKIUH OT BEWYHMHBI IIara
CEeTKM W OTHOCHTENBHAS pa3HHIla MHUHUMYMOB
¢byHKIMH. 31€eCh e MPUBEICHO BpEeMs pacueTa u
€ro OTHOCUTENIbHOE U3MeHeHue.PacueT BhIOTHEH
¢ 14 3pavanumu nuppamMu. Y MEHbIIICHUE OTHOCHU-
TENBHON Pa3HUIbI MUHUMYMOB (DYHKITHH TIO 3KCIIO-
HEHIMATLHOMY 3aKOHY CBHCTEIBLCTBYET O OBICTPOM
CXOAMMOCTH KOHEYHO-Pa3HOCTHON CXEMBI.

0.8

0.8

Pucynox 1. I'paduxk pemenus
Figure 1. Solution graph
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Pucynok 2. ITpodus peurenns B cedennn X = 0.5
Figure 2. Solution profile in section X =0.5

YMeHbIIeHHe OTHOCHUTEIILHOTO TPUpAIICHUST
BPEMEHH pacyeTa MO3BOJIIET C/IeIaTh pacyeThl Ooree
TouHbIMH. OJIHAKO yMEHBIIICHHE IIara CeTKH MOTpe-
OyeT yBeNnmueHHs 3Ha4aIwX Irdp, TO3TOMY 3HAYCHHE

0.2 0.4 X ¥ 0.6

mrara 1/120 sBisieTcst ONTUMAILHBIM

T T

0.8 1

0.2 0.4

0.6

T T T T T

Pucynok 3. Ilpodunu pelieHus B CEYCHHAX Y — X

(kpacHBI) U ¥ =1 x (CHHUIT)

Figure 3. Solution profile in section v — x (red) and
v =1— x (blue)

Iomy4deHHBIH pe3yJIbTaT COIIacyercs ¢ YUCICH-
HBIM pPEIIICHHEM JJaHHOM 3a71auM 110 siBHOM cxeme [10] u
MPHOTIDKEHHO-aHATMTHYECKMM pertietveM [11]. 3uHa-
YeHre (YHKIMH B NCHTPATLHON TOUKE JUIS KOTOPBIX

pasubl —1.05-10° u —1.25 10 ° cOOTBETCTBEHHO.

[TorpemHocTh OKpyTiaCHUS

Rounding error

Tabnuma 1.

Table 1.

q OtHOCHUTEIbHAS pa3Hrla MUHU-
HMCJIO 3HaA4Ya- BpeMﬂ pac- OrHOCUTENbHAS pasHula
mux udp MHH-HMYM by MYMOB by, % . yera BpPEMEHH pacuera, %
Number of sig- | | ¢ Minimum of a func- | The minimum of the relative dif-\ o 1tion | Relative time difference
- L tion ference in the minimum of a . .
nificant digits function. % time calculation, %
8 -0.0012409828 333.687
10 -0.001202252713 -3.12 324.56 -2.74
12 -0.00120187713348 -0.03 326.96 0.74
14 -0.0012018733801815 -0.0003 332.969 1.84
16 -0.001201873342732467 -3.10°° 888.996 166.99
Tabnuna 2.
CKOpOCTh CXOOUMOCTH
Table 2.
Rate of convergence
OTHOCHTEIbHAS Pa3HUIIA MUHUMY-
conan | M st voB (ysriu, % Rl piee v
- . .. - - , /0
Grid The TJ:LFSEW ofa flrr;g' ?QT#emmc;Litrmeu:ﬁlz?\;efS#t. Calculation Relative time difference
spacing tion. % time calculation, %
1/20 -0.0010105920924147 1.357
1/40 -0.0011381686297206 12.62393987 14.165 943.8467208
1/60 -0.0011806597334856 3.733287131 86.44 510.2364984
1/80 -0.0012018733801815 1.796762133 332.969 285.2024527
1/100 -0.0012145881472324 1.057912357 1090.431 227.4872436
1/120 -0.0012230583683455 0.6973739223 3259.407 198.9099723

Jlnst csi3m ¢ penakuueit: post@vestnik-vsuet.ru
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3akiIouyenue

C moMoIpi0 HESIBHOM KOHEYHO-Pa3HOCTHOM
CXEMBl IIONly4e€HO pEeHmIeHHe HEeOJHOPOJHOTO
OWTapMOHMYECKOTO ypaBHeHws. [lyrem pazmoxeHus
¢hysxmn B psin Teinopa BEIYKCIeHA TOTPEITHOCTD
anmpOKCUMAIIMH OUTapMOHUYECKOTO OIepaTropa
Pa3HOCTHBIM aHAJIOTOM U MOTPEITHOCTh alIIPOKCH-
Mallud TpaHWYHBIX ycloBud. IIpoBegeH anamus
CKOPOCTH CXOJUMOCTH cXeMbl. lIpenmyiecTBa
WCIIOJIb30BAHUS TaHHON HESBHOM CXEMEI 10 CpaB-
HEHHIO C SIBHOH 3aKIIOYalOTCSl B €¢ a0CONIOTHOM
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yCTOMUUBOCTU. Jl0Ka3aTenbCTBO YCTOMYMBOCTH
SIBHBIX CXEM TOpOM BechbMa 3aTPyIHUTEIBHO.
OtnamaeT HEOOXOAMMOCTh BBIYUCISATH HOPMBI
PA3HOCTHBIX ONEPATOPOB JAJISl ONPEACIICHUS ONTH-
MaJbHOTO JUIsI CKOPOCTHM CXOJMMOCTH IIara.
O0beM BBIUMCICHWH CYIIECTBEHHO MEHBIIIE,
TaK KaK 3HAYEHUS B y3JIaX BEIYHCIISIIOTCS OJIMH pas,
a He Ha Ka)KJ0M Iare. DTO I03BOJISIET SKOHOMUTD
PECypCHI Tporeccopa W BpeMs pacyeTa, a TakxKe
YMEHBIIUTh TOTPEIIHOCTh pPe3yibTaTra 3a CYeT
YMEHBIIIEHHUS YUCIIa OKPYTICHHN.
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