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OnrumasbHoe yIpaBjieHue poueccom
KYJbTUBHPOBAHUS B YCJIOBUAX HHPUIUPOBAHUSA

Optimal control of the process of cultivation
in the conditions of infection

Peghepam. TlpencraBiieH BapyuaHT peIISHNs 3a1a9H ONTUMAIBHOTO YIIPaBJICHHs IT0Jjaueii aHTHONOTHKA B YCIOBHSIX HHOUIH-
pOBaHus, 3aKiroyarolIeiicss B BBIOOpe M3 00JIaCTH JOIMYCTUMBIX YHPaBICHUH ONTHMAJIBHOIO, C IIENBI0 JIOCTH)KEHHST KOMIIPOMHUCCa
MEXIy HOTEePSIMU B ITPOU3BOJICTBE 3a CUET HAIMYHUS ITOCTOPOHHEH MUKpPOQIIOPH! M 3aTpaTaMy Ha e€e MOJaBJieHHe, 00YCIOBICHHOE
MIPUMEHEHNEM aHTHOHOTHKA. Hanndne B rOTOBOH MPOAYKINH, KPOME TOJIE3HOH KYNBTYPHI, PYTUX MHKPOOPTaHM3MOB, B YaCTHOCTH
“IMKUX CYIIECTBEHHO YXYJIIAeT KaueCTBEHHBIE IMOKa3aTeNl KOHEYHOro MPOAYKTa (B YAaCTHOCTH, CHW)KAeT CPOK XpaHeHwms). B
CBOEOOPAa3HBIX YCIOBHSX MPONU3BOJICTBA MOBBIIICHHE KaYeCTBa IIEJICBOT0 MPOAYKTA 32 CUET YCTPaHeHUs! HH(EKIMN BO3MOKHO, B TOM
YHCIle, TPH MCIOIb30BAHNH B TPOIECCEe KYITHTUBHPOBAHUS aHTHOMOTHKOB, HO OTCYTCTBHE Y((EKTHUBHBIX aJOPUTMOB H CHUCTEM
yIpaBlieHHUs UX Mojadell OCTaBiIsieT JaHHBIM BOIIPOC OTKPBITHIM. B KauecTBe MaTeMaTHUECKOl MoOJeNu, aJJleKBaTHO ONMChIBArOIICH
CHTYAIMIO0 KOHKYPEHTHOTO B3aMMOZCHCTBUS BYX OIS MAKPOOPTaHM3MOB (TIOJIE3HOHN M “IUKO ) M3-3a MOTPeOIeH s OTHOTO
pecypca, ucnonbsyetcs cucrema Jlotku-Bonreppa, agantupoBaHHas 1U1st MUKpOOHoIOoruueckoro npouecca. CraBuTces 3aiayda: HaiTH
3akoH ympasieHus U(t), IpuHAIUICKAIMKA AOMYCTUMONH 00JacTH YIPaBJICHUH. YTpaBlIeHHE, JOCTABIAIONIEe MUHUMYM KPUTEPUIO
OINTUMHU3ALMU B COOTBETCTBUM C NPUHIUIIOM MaKCUMyMa, ONpPEAESNAETCA U3 YCIOBUS MakcUMyMa (yHKuuH ['aMHiIbTOHA M BBITEKa-
IOILEH U3 Hee KaHOHMYECKOW cucTeMbl ypaBHeHuil. [Tomydena MonuduumupoBaHHas CONpSDKEHHAs CUCTEMa ypaBHEHUH B MATPUYHOM
Bujie. Pemenne cucremsl auddepeHnranbHbIX YpaBHEHHI HAMIEHO B aHAJIMTHYECKOM BHE METOIOM NPeoOpa3oBaHus KOOPIHHAT.
B pesynbrare HaiiieH ONTUMAbHBIH, B CMbIC/IE BBIOPAHHOTO KPUTEPHs, 3aKOH YNPABJICHUS IOJa4eil aHTUOMOTHKA, MO3BOJISIOLIMH
peryaupoBaTh KOHLEHTPALMIO MOCTOPOHHEH MHKPO(IIOpbl B MHpolecce KyJIbTUBUPOBAHUS MHKPOOPIaHW3MOB, YYHUTHIBAIOLIMIL
YIEJIBHYIO CKOPOCTh IPUPOCTa ““IMUKHX* MUKPOOPTaHU3MOB.

Summary. The article presents a way of solving of the optimal control problem of antibiotic feeding under condition of infec-
tion, consisting in the selection of the optimal control in the field of admissible control, with the aim of achieving a compromise be-
tween the losses in production due to the presence of foreign microflora, and the cost of its suppression due to the application of anti-
biotic. The presence of other microorganisms in the finished product, in particular of the “wild* ones, considerably impairs the quali-
ty indicators of the final product (in particular, it reduces the storage time). In peculiar conditions of production it is possible to im-
prove the quality of target product due to elimination of infection, including, when used antibiotics in the process of cultivation, but
due to the lack of efficient algorithms and control systems of their supply the question is still open. We use the system of Lotka-
Volterra adapted for microbiological process as a mathematical model adequately describing the situation of competitive interaction
of two populations of microorganisms (useful and “wild“ ones) due to the consumption of one resource. The aim is to find a control
law U(t) belonging to the field of admissible control. The control that affords minimum to the optimization criterion in accordance
with the principle of maximum is defined by the condition of the maximum of Hamilton function and the resulting canonical system
of equations. The modified conjugated system of equations in matrix form is obtained. The solution of system of differential -different
equations in the analytical form is found using the method of coordinate transformation. As a result an optimal control law is found
(with regard to the selected criterion). This is the control law of application of the antibiotic, allowing to control the concentration of
foreign microflora in the process of cultivation of microorganisms and accounting for the specific equation describing the speed of
growth of “wild“ microorganisms.
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3ajaya ympaBlIEHUS! IPOLIECCOM KYJIbTH-
BHPOBAHHUA MHMKPOOPTaHU3MOB B YCJOBUSAX HH-
¢unMpoBaHus SBISETCS BEChbMa AKTYaJIbHOM.
WndunupoBanue - 370 00CEMEHEHHOCTh MOJIe3-
HBIX MHKPOOPTaHU3MOB (HAIpUMeEp, APOXIKEH)
“mukumu”’. Hamuuume B TOTOBOM MPOMYKITHH,
KpOM€ TOJe3HOW KYJIBTYpHI, APYTHMX MHKPOOpP-
TaHU3MOB, B YaCTHOCTH ‘‘IHMKHX’ CYIIECTBEHHO
yXyaIIaeT KauyecTBEHHbIE MOKa3aTea KOHEYHO-
ro mpoaykra. IloaTomy Oopbba ¢ WHGEKIUeH
IyTeM MPUMEHEHHUs1 B Ipoliecce KyJIbTUBUPOBa-
HUSl aHTUOMOTHUKOB Tpedyer 3¢ddexTHBHBIX ai-
FOPUTMOB YIIpaBJIeHUs] UX Iozadeld. Pemenuro
3a/a4l yNpaBJIEHUS TPOLECCAMH KYJIbTUBUPO-
BaHUST MHKpPOOPTaHW3MOB TIOCBAIICHB (yH/a-
MEHTaJbHbIE TPYABl M3BECTHBIX Y4eHbIX: B. B.
Kadapora, B. M. Kantepe u apyrux. HMcmons3o-
BaHUE AHTUOMOTHUKOB TMPEISTCTBYET Pa3BUTHIO
BpEHBIX OAKTEPUH M MATOreHHOW MUKPOQIOPHI
Y, B 9aCTHOCTH, HE OKa3bIBAE€T HEraTUBHOT'O BO3-
JIEUCTBUSL HA KUZHEAESTEIBHOCTh JPOXKKEBOU
KJICTKH M caxapa MeJacchl [5].

B xadectBe MmaremaTHYecKOH MOJENH,
OIMCHIBAIONIEH CHUTYallli0 KOHKYPEHTHOTO B3a-
MMOJIEHCTBHSI MUKPOOPTaHW3MOB HM3-32 MOTPED-
JIEHUSI OJJHOTO Pecypca, MOXKET HCIOIb30BATHCS
cuctema Jlorku-Bompreppa [1]. DOrta cucrema,
aJanTHpOBaHHAs UIA Tporecca KyJIbTHBHPOBA-
HUSL MHKPOOPTaHM3MOB, C Y4eTOM (QYHKIMH
ympasienus U(t) nMmeeT ciemytonuii Bum [5]:

dX,

71:)(1(171 -0 X, _a2X2)
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X=X+X,n X, <<X,,
rie X, u X, - KOHIIGHTpallUX NOJIC3HOH II0Iy-
JIALAN u “muknx”’

b,,a,,a,,b,,a,,a, - koabduuuentsr, by u b, —

MUKPOOPTaHU3MOB;

yIENbHBIE CKOPOCTH NPHPOCTa COOTBETCTBEHHO
MIOJIE3HBIX U “IUKHUX” MHUKPOOpraHui3MoB, U(t) —
yOpaBiAoOLIass IEpEMEHHas, Pperyaupyromas
pocT “IUKNX” MUKPOOPTaHU3MOB.

CraBuTcs 3amada HATH ONTHUMAaJIBHBINA
3akoH ympaBnenus U(?) momadeid aHTHMHKpPOO-
HBIX TIpenapaToB (HEOMHIIMHA W Jp.), TOAABII-
IOIMX “IUKYyI0” MUKPO(GIOPY C LEIhI0 CHIKE-
HUSl MHQHULIMPOBAHUS LIEIEBOr0 MPOLYKTa U CO-
KpallleHUsI PacXo/la CHIPhEBBIX PECYPCOB.

Jluneapusyem BTOpOe ypaBHEHHE CHCTEMBI

(1):
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2 -p, (X, -Ult
X (s -00)
Kpurtepuii onTUMH3AIMKA KMEET BUI:
T
J:lj[X2+qU2}dt—>min, 3)
200 2

I7Ie ¢ — CpaBHUTENbHAsI BECOBasl JOJS YKa3aHHBIX
3aTpart.

Heo0xoanMo HalWTH BEKTOpP ONTHMAJIBHBIX
yopasienuid U(?) IUIsl peryaupOBaHUs KOHIICHTPA-
UM TIOCTOPOHHEH MHUKPOQIOPHl M3 YCIOBHS MU-
HAMyMa CpeTHEKBaApaTUIHOrO Kputepus (3).

VhpaBieHue, JOCTABISIOLIEE  MHUHUMYM
KpuTepHio (3) B COOTBETCTBUHU C MPUHIIUIIOM MakK-
CUMyMa, OIpeNeNsiercss W3 YCIOBHUA MaKCUMyMa
¢ynkmmn amunerona H(X,, y,U) [2,3,4]:

H =2 (03 +qUA0)+p (b, X, ~b.U0) ()

A BBITEKAIOIIEW M3 Hee KAHOHUYECKOH CHUCTEMBI
YpaBHEHUI:

X
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W3 mocnemnero ypaBHeHHS cucTeMBbl (5)
HaXOJIUM ONTUMAIILHOE YIIPaBJICHHE:

b
U(t)= ?2 w(t). (6)

[loncraBumM (6) B iepBOE ypaBHEHE CUCTEMBI (5):

dx,
dt

b2
=b, X, -2y
q

(7

dy
Y =-X,-wh,.
Jr %)

BBengem 3ameHy nepeMeHHBIX: X>=X, W =),

2
br=a, b% _b.
q

Torma cucremy ypaBHeHmid (7) MOXHO
nepenycaTh B BHJIE:
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dx =ax—-by
av =-x—a
dt .

MoauduiupoBaHHyl0 CONPSHKEHHYIO CH-
CTEMY YpaBHEHHUH 3allMIIEM B MATPUYHOM BUJE:

dz 4 ©)
a
rae Matpuna 4 = ( j

BEKTOp-CTOJI0CI] Z —[ J .
y

Pemenne cucrembl auddepeHranbHbIX
ypaBHeHUH (9) MOXKeT OBITh HAWJCHO aHAIUTH-
YECKH CIIEIYIOIIUM 00pa3oM.

Pemenne cucremsr (9) umeer BuA:

z(t)=e" -C, (10)
rae C — MOCTOsIHHAS. HHTEr PHPOBAHHUSL.
IIycts
z=Tv,

rae T — Heocobast MaTpuIa Mepexofa K HOBOH
cucTeMe KOOpIMHAT V.
Tormaa (9) nepenumercs B BUE:
T v _ =ATv.
dt
IMocneaHee BbIpakeHHE YMHOXKHM Ha I
cieBa:

7Y ATy
dt
O0603HaYNM
T'AT=A, (11)

rae A - auaroHaibHAs MaTpHUIla COOCTBEHHBIX
3HAYEHUW MaTpUIIbl A.
OKOHYATENHHO MTEPEXONM K YPABHEHHIO:

Ay, (12)

B ypaBuenuu (11) nBe HemM3BeCTHBIE MaT-
putsl — A u A . DnemeHTsl MaTpumbl A - co0-
CTBEHHBIC 3HAYCHUSI MATPHUIBI A- MOXXHO HAUTH
U3 YpaBHEHHUS:

det|4 — AE| =0
rae E — equHUYHAs AMArOHAIbHAS MATPULIA.
a -b 1 0
-2
-1 —a 01

W3  Belpaxkenus (13) cumemyer, d9TO

det =0. (13)

A* —a* —b=0, nosromy

A, =tVa® +b
=1 =vJa’+b,

nin

ad =-A=-a’+b. (14)

Hns Haxoxaenust matpuusl 1 yeioue (11)
YMHOXUM cjeBa Ha 7T

TT AT =TA,
AT =TA. (15)

s Toro, 4yTOOBI MONYYUTh T TaKOe, YTOOBI
OHO MAarOHAIM3UPOBAIO MaTpULy A, HEOOXOAUMO
HallTH pemieHne ypaBHeHus (15).

(a _b](tn t12J=£t11 tl2j[ﬂ’l OJ
-1 —alty 1 Ly Ih N0 4,

(a_ﬂq)tn =bt,.
Ortcrosa cienyer, 4To npu

fel: f a-A4, a-A
n=1loly, = = .
b

(a - /12) t, =bty,.
U3 yero caenyer, uto
a-A, a+Aa
b b
Takum oOpazom, MaTpuma 7 IMEET BUI;
1 1
T=la-4 a+1l|. (16)

b b
W3 BeIpaxkenus (12)

dv,
dar | (A 0y
v, o Ay N\
dt
crenyer, uto: v,(H)=e™ -C, u v,(f)=e™ - C,,

rae Ci u C; — KOHCTaHTHI.
Tak kak

ti=1: ly, =

z=Tv,
TO B BEKTOP-CTOJOCIT

1 1 M
Zz(xJvaz(a—z amJ[ Cj (17)
y b b NG

Pemenus (17) 3anmmiem B BUzE:

x(f)=e"C, +e *C,

a+ A

W(t) = %e”q + eC,

2
Tak kak X>=x, ¥ =y, b>=aq, b%:b,

X,()=e"C, +e"C,
A) b, +)q _ .(18)
l//(t)—( Zb q Z.lC ( 2b2 qe ﬂtCZ

2 2
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Ipu X>(0)= X2, w(T) =0 (18) npumer Buz;
Xy =C + G,
(b, —A)g e”Cl n (b, + A)gq

b; b;

eC,=0

3uas U(y): U(t)=b—2-l//(t) u y(t), us
q

(18) momyumm:
b, (b,—4

_Z(Me”cl +
by

U(t) =

(b, + A)q

g ¢ G)= (19)
2

Me”Cl +(b2_+’1)e—ﬂc2 .
2 2

Lenbio ynpaBieHUst SIBISIETCS JTOCTHKE-
HHUE KOMIIpOMHUCCa MECXKAY NOTCpsSAMHU B IIPpOU3-
BOJACTBEC 3a CUCT HAJIMYUA «IUKUX)» MUKpOOpra-
HU3MOB M 3aTpaTaMH Ha WX IOJaBJcHHUE, 00Y-
CJIOBJIEHHOE TTPUMEHEHNEM aHTHOMOoTHKA[S].

Ecnm ke ncmonb3oBath gomyiienue [5]:

dx
—2=b, X, —ry (1), (20)
dt
npu
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TO cornacHo (1):

b,U(t)= Czrefjb2

dt

~-X,(a,X, +a,X,) (22)

X, ()=l [c3 — [yre "zd’dt], (23)
rae C3 — KOHCTaHTa.
W3 mepBoro ypaBHeHus cuctemsl (1) (mocie

2
JeNeHHs claraeMelx Ha X ), cleqyeT ypaBHEHUE:
_dX, +b1 -a,X,
2
X, dt X,
KOTOPOMY COOTBETCTBYET:
1 _ e—J'bldt « eja2X2dz *
X
! ; 24)
bidt g —[ayXydt
[C4+jalejl * gl gy
rae Cy — KOHCTaHTA.

N3 (22) ¢ yuerom BeIpakeHuit (23) u (24)
BHTHO: BO-TIEPBBIX, CYIIECTBEHHOE OTIIMYNE 3aKOHA
YIPaBIEHHUS, COOTBETCTBYIOMIETO JOMYIIEHUSIM
(20) u (21) ot (19); BO-BTOPBIX, OTCYTCTBHE TIPOU3-
BONBHON (QyHKIMH B ypaBHeHHu (22), Bapbupys
KOTOPOH MOXKHO yJOBJIETBOPUTH KaKOMY-THOO
KPUTEPUIO ONTHMH3AIMH. TakuM o0pa3om, MOIy-
YeH ONTHMAJIBHBII 3aKOH YIIpaBJEHUS NoJayel
antubuorrka (19), MO3BONSIIONIHMI pEryIUPOBATH

KOHIICHTPAIIHIO TIOCTOPOHHEH MHUKPO(IOPHI B MPO-
11ecce KyJIbTHBHPOBAHHUSL.

-a, =0,
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